Chapter 4 Appendix 3 Extra terms

The Hyperbolic method has been used to prove that

Zd(n) zmlogx+(2’y—1)x+0(x1/2) : (1)

n<x

This can be used within the Convolution Method to prove

Theorem 1 There exists a constant Cy such that

> 20 = —XlogX +C1X +0(X?log X).

n<X

Solution Recall that 2¥ = d % u, so

Z2w(n) = Zuz(a) Z d(b)

n<X a<X b<X/a

— ;{MQ <—1og§ (27—1)§+O<(§)1/2)>,

by (1). Recall that yu,(a) is non-zero only if a = m?, say. Thus
X . X X X\ V2
ow(n) — “log—+ (-1 =+0[ = . (2
> > wim (mz o8 b (211 2t <(m) )) @)
The error here is
1
ol x/? Z — :O(Xl/zlogX).
mgxl/Z

For the first term in (2) we use a trick of writing the logarithm as an
integral and then interchanging it with the summation:

Zu(m)%log%:X 3 “751”;) T _X/ Z“ . (3)

m2<X m2<X m2<t




In this integrand the sum converges absolutely so we complete it to in-
finity,

pm) o p(m) p(m) 1 1
m22<t m m=1 W ) m>t1/2 m? @ e ;& W
1
= @ +e(t), (4)

where £(t) = O(1/t'/?). Inserted into (3) this gives

o ebn =X [ (g 0) ¢ = o o

m2<X

Since £(t) = O(1/t/?) the integral

/1005(15)%

converges and so is a constant we will denote by Cj. Then

roode o dt > dt 1

Hence

X X Xlog X 1
X e X X+ O(xV2)
2§<X p(m) — log — D) + CoX +O( )

The result (4) with t = X'/2 will deal with the remaining term in (2) to
give

> el = L Xlog X+ X + O(X'?) +

2 (@)
caux (Lo (L)

+O (X' log X) .

This gives the stated result with

b
¢(2)
2



Question Generalise the previous result and prove that there exists a con-
stant D, such that

Zd*ﬂk(n) = ﬁxlogx + Dz + O(2'?).

for k > 3. (So there is no log term in the error when k > 3).

Solution Start as above

Sdemn) = Y mla) Y do)

n<z o<z b<z/a
- i@ (ZoeZv@-vZe0((H)7))  ©

For the first term we proceed as

S ) Zrog = [T ran) G

mk<z

1 * dt
= mlogx—i—/l é‘k(t)7,

where ¢, (t) < 1/t'71/*. Because the integral converges it can be completed

to ~ 0
Ck = / €k(t) ?,
1

o dt o dt 1
S ex(t) + < 1217k < pI-1/k

say, with an error

Hence

T T 1

1



The second term in (5) is

27—z > “751”,;‘) = (2y-1)x (C(lk) +O<<xl/i)k—1>>'

mSCEl/k

While the error in (5) is

1
Ol 3.
m

mgxl/k

The sum here converges since £ > 3, and so is bounded by a constant.
Combining these three results we get the stated result with

(y—-1)

De=Cet 2




Additional terms for Y, d(n?).

n<xg

Let g(n) = d(n?) where d is the divisor function. In Problem Sheet 2 we
have g = 1% 1 % 1% uy, = d * Q2. Can the Hyperbolic Method be used to
improve previous results on Y d(n?)?

To do so need to first prove two lemmas

Lemma 2 There exists a constant Cy say for which

d(a) 1 1
;]T 21 g U+2’ylogU+C’d+O(U1/2).

Proof By Partial Summation and (1),

d(a 1 v dt
Z}%::EZu@ﬁ/Eﬁwﬁ

a<U a<U L a<t

= E(UlogU-i— (2y—1)U+0(U"?))

dt

+/1 (tlogt + (27 — 1)t+€(t))t2

where e(t) < t'/2. This gives the stated result with

dt

Lemma 3 There exists a constant Cq say, for which

Qa(b 1 1
I;f 2b _C_) V+CQ+O<V1/2>.




Proof By Partial Summation and the sums of square-free numbers

D L SCURY A SCHOE:

b<V b<V L p<t

where £(t) < t!/2. This gives the stated result with

1 o dt
Cd: m+/1 6(t> t_2

Theorem 4 There exist constants ¢; and co such that

Z d(nQ) = TI(Q)QU log? z + c1zlog x + cox + 0(553/4 log x)

n<x

Proof With U and V to be chosen, the Hyperbolic Method gives

ddn?) =D dxQa(n) = D da) Y Qab)+ > Qa(b) > d(a)

n<X n<X a<U b<X/a b<V a<X/b

- (Z d(a)) (Z %(b)) .
a<U b<V
By the Lemmas above,

S ¥ an = do (5ivo((5)7). ©

a<U b<X/a a<U a
and
ZQ2 Z d(a ZQ2 ( log + (2y—1) — —|—O<(b)1/2)).
b<V a<X/b b<V



Errors

The first error, in (6) is, by partial summation

1/2 d(a 1/2 1
z/ Z% = 2V <U1/2Zd< /Zd t3/2>

a<U a<U a<t

1 [v dt
1/2
< x (U1/2U10gU+ /ltlogtt3/2>

< 22UV g U.

The second error, in (7) is, again by partial summation,

1
1/22 b1/2 = ' (WZQ2( / ZQ2 t3/2>

<V <V

1 1 [V o dat
1/2 - - I
< =z (V1/2V+2/1 tt3/2)

< 'Py2

The idea would be to equate these errors, which means demanding U = V.
Since UV = z this means that U = V = z!/2, when the two errors above are
< 23 logx.

An error will also arise from the first term in (6),

=i (et ) o).

a<U

but this is only O (x3/4) with our choice of U = x!/2.

In the first term in (7) we cannot immediately use the idea of writing the
logarithm as an integral. This is because it is the logarithm of x/b where as
the sum is over b < V and not b < z. So first write

lo f—lo £+10 K
&y T OBy Toe

The first term is independent of b and can be taken out of the sum. The
second term has the factor V/b and the sum is over b < V, thus the idea of
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writing this term as an integral will work.

:UZQ2b(b) log% = ZQ2 ( —~|—log‘g)

<V <V

_ J;log%ZQZ[)( /ZQ2 dt

b<V b<t

= xlog —

‘gj <mlogV+C’Q+O(V1/2>> (8)

+m/1v (ﬁlogt+6@+n(t))%

where 7 (t) < 1/t'/2. The integral here equals

1
log? V+C’Q10gV+D+O<V1/2), 9)

Dz/loon(t)@

The errors in (8) and (9) are O(z (logz/V)) /V/2) and O(x/V/?) which
are < 23/*log x by our choice of V = /2,

2@( )

where

The second term in (7) is

(2 1)y ng(b) — (2y—1)z (C(12) log V + Cq + O(Viﬂ)) ,

b<V

and the error is again < x%/%.

Finally, the last term in the Hyperbolic Method is

(Zd(a)) (Z@(b)) = (UlogU + (2v—1)U + O(U"?))

a<U bV
X (ﬁv + 0(v1/2)) .

The error from this is O(U1/2V +UV2]og U) which is O<x3/4 log x) by the
choice of U and V.



Main Terms

The main terms are scattered throughout the above expressions. The
main terms will not depend on the choice of U and V', the reason for intro-
ducing U and V are that good choices for them will give a good bound on
the error term.

Terms with two logarithms:

z 1 z 1 x
———10g’U 4 xlog ———1logV + ——log* V'
¢(2)2 V((2) 2¢(2)
__Z 2 x 2
——2<(2) <10g U—|—210gV10gV+log V)
—%@)(logQU—l-ﬂogUlogVJrlogﬁ/) since UV =z
X 2 X 2
= ——(logU +1logV)* = —— (logUV
%@ "= )
x
= log? x.
2(2)

Terms with one logarithm:

i2fy logU + Cgxlog % + CozlogV

¢(2)
+@7—mz%f%v>wayn<d%v)
_ %2)27 (logU + log V) + Coz (1og é +log v) - ﬁ (log V + log U)
:Eés?ﬂbgUV%+Qﬂ(bg§V)—ZéSWgVU)
— <<22(;)1) + GQ) zlog z.

Terms with no logarithm:
(2y-1)
¢(2)
|

T (9 2= Ca 3
CdC(2)+D +(2’}/ 1)0@ + 6(2) v (C(2)+D+(2’7 1)CQ+

)e



The Improvement of ), _ d3(n)

If we attempted to improve

1
Z dz(n) = §xlog2 z+ O(zlogx),

n<x

by using the improved estimate for )
Method, we would get

S ) =Y (%log%—l—@v—1)%+O<<%>m)).

n<lx m<x

n<g d(n) from (1) in the Convolution

The error term here is

1
<<x1/zzml/2 < x.

m<x

We can get a far smaller error by using the Hyperbolic Method. For this
we will need the following result.

Lemma 5 There exists a constant Cy such that

1 1 1
Z Oin 2510g2x+02+0( ng).

X
1<n<zx

Proof Writing the logarithm as an integral an interchanging the summation
and integration gives

logn L ("dt  [*dt 1
> —725/17—/1725-

n<lz t<n<z

Split this sum as

DI DI

t<n<z n<lz n<t
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Then

/dtt;m_ _ (M )/ / 1dt
S —) _

T dt
_/ 7(10gt+*y+5(zf)), where ¢ () < 1/t,
1

1 log x > dt > dt
= —log? - — —.
5 108 m—l—O( . ) /1 5(t)t+/x e(t)t

/Oog(t)dt<</ at 1
. t . t2 )

Since

the result follows with

Lemma 6 There exists a constant Cy such that

d(n) 1
> — == log X+27logX+C’d+O<X1/2) .

n<X

Solution Left to student

Theorem 7

> ds(n) = —Xlog X 4+ AXlog X + BX + O(X*?log X) ,

n<X

where A =3y —1 and B = Cy+ Cy + 27* — 3y + 1.

Proof With U and V' to be chosen, the Hyperbolic method gives

Y ds(n) =) dxl(n) = Y dla) Y 1+> > d) (10)

n<X n<X a<U b<X/a b<V a<X/b

(Be)z)
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The first term on the right hand side equals

S da) {ﬂ — 3 da) (§+0(1))

a<U

1 1
= X(zlog U+2’ylogU+C’d+O<U1/2>) (12)

+0O (UlogU),

having used Lemma 6. The second term on the right hand side of (10) equals

z o = 3 (e 5)))

b<V a<X/b b<V
by (1)
logX/b 1/2
R R M AR CED W
<V b<V 39%

1 log b
= X(logng—z%>

b<v b<V

1
+(2y-1)X) —+0O(xV2pL2
(2v );gvb ( )

= XlogX(logV—i—fy—l—O(%)) (13)

_X <%log2V+C'2 +0<1°§V)> (14)

b2y —1) X (logV+7+O(%)> (15)

+O(X1/2V1/2) )
The errors from these two terms in (10) are

< XUY2 UlogU, XV~! and XY/2V1/2,
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We attempt to minimise these errors by choosing U and V' to equalise
them. So try XV 1 = X12V1/2 je. V = X3, Yet UV = X so this means
U = X?/3. Tt can be checked that all errors are then < X?/31og X.

With this choice of U and V' the term in (11) is
(Z d<a>> (Z 1) = (UlogU + (2y=1)U+O(UY?) ) (V + O(1)). (16)
a<U <V

The error here is O(U logU + Ul/QV) which is again < X?/3log X given the
choice of U and V.

The main terms from (12), (13) and (15) are

1
X <§log2U—|— 2vlogU + Cd) + X'log X (log V' + 1) (17)

1
-X (§log2V—I— Cg) +(2vy—=1)X (logV + )

—V(UlogU + (2y — 1) U)

1 1
= X <§log2U—i—logXlogV— §log2 V>

+X (2vlogU + vylog X + (2y—1)logV —log U)

having used UV = X. Note that these main terms should not depend on
the choice of U and V/, the mean value ) _\ d3(n) will have the same main

terms however they are calculated. What we are doing in this method is not
to calculate exactly the error for our result on this mean value but to bound
this error. So a clever choice of U and V will give a better bound on the
error. To check that the main terms do not depend on the choice of U and
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V' consider first terms with two logarithms, (dropping the X factor),
Lo Lo Lo L
§log U+log XlogV — §log V= §log U+log(UV)logV — §log V
1., [
= §log U+ (logU+logV) logV — §log V

1
= —log2U+logUlogV—|—§log2V

(logU —|—logV)2

N = N~ N

log> UV = %logQ X.
Also, for term with one logarithm (again dropping the X factor)
2ylogU 4+ vylog X + (2y — 1) logV — log U
=(2y—-1) (logU+logV) + vlog X
= (3y —1)log X.
All this combines to give the result quoted. |

Note though that now we have justified the claim that it does matter what
the choice is for U and V' you will always get the same main terms, you can
go back to (17) and choose, say, U = 1 and V = X when we get

1 1
= X (5 log® U 4 log X log V — Elog2 V)

+X (2ylogU +ylog X + (2y — 1) logV —logU)

+X(Ca+Co+ (2y—1) v+ (2y-1))
1
= X (logXlogX— §log2X) +X(710gX+(27— 1)logX)
+X(Cat+Co+ (2y—1)7+(2y—1))

1
= §Xlog2X+(3’y—1)XlogX+X(C’d~l—C’2+(2'y—1)'y+(2'y—1))
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